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Abstract 

Let / be an operator monotone function on [0, oo) with f(t) > and 
/(l) = 1. If f(t) is neither the constant function 1 nor the identity 
function t, then 

W (/(*)-/(*))(/»(*)-/»(*)) " 
is also operator monotone on [0, oo), where a, b > and 

/«<«) = ^ <>». 

Moreover, we show some extensions of this statement. 



1 Introduction 

We call a real continuous function f(t) on an interval I operator monotone on I 
(in short, / G P(I) ), if A < B implies f(A) < f(B) for any self-adjoint matrices 
A, B with their spectrum containd in /. In this paper, we consider only the case 
/ = [0, oo) or / = (0, oo). We denote / G P+(J) if / G P(7) satisfies /(*) > for 
any t G I. 

Let H + be the upper half-plane of C, that is, 

ET+ = {z G C | Imz > 0} = {z G C | |z| > 0, < argz < tt}, 

where Imz (resp. argz) means the imaginary part (resp. the argument) of z. 
When we choose an element z G H+, we consider that its argument satisfies 
< arg z < 7r. As Loewner's theorem, it is known that / is operator monotone 
on / if and only if / has an analytic continuation to H + that maps H + into 
itself and also has an analytic continuation to the lower half-plane H_(= — H+), 
obtained by the reflection across / (see PQ,[5]). For an operator monotone 
function f(t) on /, we also denote by f(z) its analytic continuation to H+. 

D. Petz [5] proved that an operator monotone function / : [0, oo) — > [0, oo) 
satisfying the functional equation 

f(t)=tf(t- 1 ) t>0 

is related to a Morozova-Chentsov function which gives a monotone metric on 
the manifold of n x n density matrices. In the work [5], the concrete functions 

/-(*) = «(! - a ) (f«-iVfi-°-l) (- 1 < ° < 2 ) 
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appeared and their operator monotonicity was proved (see also [2]). V.E.S. 
Szabo introduced an interesting idea for checking their operator monotonicity 
in [TJ. We use a similar idea as Szabo's in our argument. M. Uchiyama [8 
proved the operator monotonicity of the following extended functions: 

(t-a)(t-b) 
(V> - aP)(t 1 -P - 

for < p < 1 and a, b > 0. It is well known that the function t p (0 < p < 1) is 
operator monotone as Loewner-Heinz inequality. In this paper, we extend this 
statement to the following form: 

Theorem 1. Let a and b be non-negative real. If f € P+[0,oo) and both f and 
/" are not constant, then 

= (t-a)(t-b) 
U (/(i)-/(a))(/«(t) -/»(&)) 

is operator monotone on [0, oo), where 

/«(«) = ^ «>o. 

We can also show the operator monotonicity of other functions which have 
the form related to the above one in Theorem 4. 



2 Main result 

For / € P[0, oo), we have the following integral representation: 

/•oo \ 

f(z)=f(O)+0z+ / ——dw(\), 
Jo z + A 

where /3 > and 

f°° A 

/ -dw(X) < oo 

Jo ! + A 

(see [T]). When /(0) > (i.e., / e P+[0,oo)), it holds that < arg/(z) < argz 
for z e H + (i.e., < argz < n). 

For any / e P+[0, oo) (/ ^ 0), we define /« as follows: 

/ J W = -^y te[0,oo). 

Then it is well-known that /" £ P + [0,oo). 



Proposition 2. Let f be an operator monotone function on (0, oo) and a be 
positive real. 

(1) When f(t) is not constant, the function 

t — a 



9i(t) 



fit) - /(«) 
is operator monotone on [0,oo). 
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(2) When f(t) > for t > 0, the function 

f{t){t-a) 



92{t) 



tf(t) - af(a) 
is operator monotone on [0,oo). 

Proof. (1) It follows from Theorem 2.1 in [5]. 

(2) Since / € P+[0, oo), we have < &rgzf(z) < 2w for any z £ H+. So we 
can define 

, . f(z)(z — a) 

92{z) = J jrf ./. , z e e + 

z/W - a/ (a) 

and 52(2) is holomorphic on H + . Because <72([0,oo)) C [0,oo) and g 2 {z) is 
continuous on H + U [0, 00), it suffices to show that g 2 (M + ) C H + . By the 
calculation 

_ zf(z) - a/(g) + af(a) - f(z)a = _ a(f(z) - f(a)) 

g2[Z> zf(z)-af(a) zf(z)-af(a) 

a a 

= 1 77-s t-t — r- = 1 - 



m - /(«) 

we have 



zf{z)-af{a) z + f(a)g 1 (z) 7 

a(z + f{a)g 1 (z)) 



Ivaqoiz) = — Im — — — ^— — Im- 

When z e H + , Imgi(z) > by (1) and Img 2 (z) > 0. So the function g 2 (t) 
belongs to P+[0,oo). □ 

For any z — e 10 (0 < 9 < n) and any integer n(> 2), we set 

'-'<>< fl e »(w+(n-l)e)/fi 



7r + (n — 1 
sin 



n 

Since Imz — Imw, I = z — w > 0. Then we can get 

sin 2^ 1 
sup{Z < 6 < tt} = lim -, — ^ — ^ = -. 

n 

So we have the following: 

Lemma 3. For any z € H + and a positive integer n (n>2), we have 

7r+(n-l)argz |d 
argz < arg(z - I) < - — — if < I < 



n- 1 



Now we can prove the following theorem and we remark that Theorem 1 
easily follows from this: 

Theorem 4. Let n be a positive integer, a, b, b\, . . . , b n > and f,g,gx,...,g n 
be non-constant, non-negative operator monotone functions on [0, 00). 
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(1) If l^li^l i s operator monotone on [0, oo), then the function 
h{t)- «-^- b ) 



(f(t)-f(a))(g(t)-g(b)) 
is operator monotone on [O.oo) for any a,b>0. 
/(*) 

(2) If j=p — is operator monotone on [0,oo), then the function 

h(t)= (t-a) fr gj(t)(t-bj) 
U (f(t) - f(a)) 11 t 9i (t) - b i9i (bi) 

is operator monotone on [O.oo) for any a, b > 0. 

Proof. (1) By f,g e P+[0,oo) and Proposition 2 (1), 

f — a t — 6 

and 



f(t) - f(a) g(t) - g(b) 
are operator monotone on [0, oo). Therefore 

(z — a)(z — b) 



h(z) = 



(f(z)-f(a))(g(z)-g(b)) 



is holomorphic on H+, continuous on H + U[0, oo) and satisfies h([0, oo)) C [0, oo) 
and 

arg /i(z) = arg — — + arg — — > for z e H+. 

f(z)-.f(a) g(z)-g{b) 

We assume that /(z) and c/(z) are continuous on the closure H + of H + and 

f(t) - fia) £ and g(t) - g{b) ? for any t G (-oo, 0). 

Then /i(z) is continuous on H + . 

In the case z e (— oo,0), i.e., \z\ > and argz = ir, we have 

argft,(z) 

= arg(z - a) - arg(/(z) - /(a)) + arg(z - 6) - arg(.g(z) - g(b)) 
<tt - arg f(z) + 7T - argy(z) 

<27r — argz = 7r (since arg/(z) + arg.g(z) — argz > 0). 

So it holds < arg/i(z) < n. 

In the case that z e H + satisifying |z| > max{a, b}, it holds that 

i \ / , % 7T + arg z 
arg(z - a), arg(z - 6) < 

by Lemma 3. Since 



arg fr(z) = arg(z - a) - arg(/(z) - /(a)) + arg(z - 6) - arg(.g(z) - ,g(6)) 
7r + argz 7r + argz 
< j ar S/W + 3 ar g5( z ) 

= 7T + argz- arg f{z)- arg g(z) < n, 
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we have < axgh(z) < it. 

For r > 0, we define H(r) = {z e C | \z\ < r, Imz > 0}. Whenever 
r > I — max{o, &}, we can get 

< argh(z) < n 

on the boundary of H(r). Since h(z) is holomorphic on H(r), lmh(z) is harmonic 
on H(r). Because lmh(z) > on the boundary of H(r), we have h(H(r)) C H + 
by the minimum principle of harmonic functions. This implies 

h(W^) = h(\J H(r)) C |J h(H(r)) C H^, 

r>l r>l 

and h G P+[0,oo). 

In general case, we set 

^ = F W and/» = M (t>0). 

By the relation f(t)g(t) — t, we have / € P+[0, oo). We define the function f p , 
f p and g p (0 < p < 1) as follows: 

f p (z) = f(zP), f P (z) = />"), 

and 

9 P {z) = ifp)K*) = = f 5 f ? = ^~ P 9(^ P ) 

for z e H + . Then we have f p , g p € P + [0,oo) and 

(z — a)(z — b) 



h p (z) = 



(f P (z) ~ f P (a))(g P {z) - g p {b)) 



is holomorphic on H + and continuous on H+. By the fact — - = F(t p ) 

is operator monotone on [0, oo), h p (t) becomes operator monotone on [0,oo). 
Since 

h p (t)- 



(f P (t) - f P (a))(g p (t) -g p (b)) 
(t-a)(t-b) 



for f > 0, 



(JW-fiaPW-rgW-V-PgibP)) 
we have 

Urn hj,(t)=h(t). 
p— >i — o 

So we can get the operator monotonicity of h{t). 

(2) We show this by the similar way as (1). By Proposition 2, 

t-a 9i{t){t-bi) 

and — — — j— (i = 1, 2, . . . , n) 



f(t) - f(a) t gi (t) - b igi (bi) 
are operator monotone on [0, oo). So we have that 

g t {z)(z - b t 



k W = f( 9 \ - f(n\ n 



f(z) - f(a) zg^z) - biffj (6») 
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is holomorphic on H+, continuous on H + U[0, oo) and satisfies h([0, oo)) C [0, oo) 
and 

, / \ z — a 9i{z)(z — bi) 
arg h(z) = arg — — — ■ + > arg — — ■ > 

f(z)-f(a) 6 zgi{z) - b igi (bi) 

for z e H+. 

We assume that f(z) and </i(z) (i = 1, 2, . . . , n) are continuous on H + and 

/(t) - /(a) ^ and tg t {t) - hg^bi) ^ for any t G (-00, 0). 

Then /i(z) is continuous on H + . 

In the case z G (— 00, 0), i.e., |z| > and argz = ir, we have 

argh(z) 

n n 

= arg(z - a) + ^arggi(z)(z - &;) - arg(/(z) - /(a)) - arg(z^(z) - hg^b,)) 
i=l i=l 



<tt + arg5i(z) + n?r - arg/(z) - n?r (since arg(z5;(z) - b.g^bi)) > n) 
i=l 

n 

<tt (since arg /(z) - ^ argg^z) > 0). 

i=l 

So it holds < arg/i(z) < it. 

In the case z G H + satisifying \z\ > nmax{a, 61, 62, ... , &«}, it holds that 

, \ , j \ 7r + n arg z 

arg(z - o), arg(z - b) < — 

n + 1 

by Lemma 3. We may assume that there exists a number k (1 < k < n) such 
that 

axg(zgi(z)) <tt (i< k), arg(z^(z)) > tt (i > k). 

Since 



argh(z) 

n n 

= arg(z -a) arg(z - 6j) + ^ arg^(z) 



i=l i=l 



- arg(/(z) - /(a)) - ^ arg(z^(z) - 6^(6*)) 

i=i 

7r + n arg z . „ , ^ , . 

< —r~ x n + 1 + Varg ffl (z) 

n + 1 ^ 

fe 

- arg/(z) - ^ arg zg^z) - (n - k)ir 

i=l 

n 

=7r + nargz+ ^ arg^j(z) — arg/(z) — k argz — (n — fc)7T 

i=fc+l 

<7r + (n — k) arg z — (n — fc)7r < 7r, 



we have < axgh(z) < it. 
This means that it holds 



< arg h(z) < ir 



if z belongs to the boundary of H(r) = {z G C | \z\ < r,lmz > 0} for a 
sufficiently large r. Using the same argument in (1), we can prove the operator 
monotonicity of h. 

In general case, we define functions, for p (0 < p < 1), as follows: 

f P (t) = f(t p ), 9i, P (t) = 9i(t p ) (1 = 1,2,...,*). 

Since f,g { G P+[0,oo), 

< arg/ p (z) < 7T, < axgzg itP (z) < 2n 

for z £ H_|_. This means that / p (z) and gi. P (z) are continuous on H + and 

/p(*) _ /p( a ) 7^ and tg i>p (t) - hg i!P (h) 7^ for any t G (-00, 0). 

Since 

- /(tP) (0<p<l) 



is operator monotone on [0, 00), we can get the operator monotonicity of 

P{ ' f P {t) ~ f P (a) l\ tg iiP (t) - b i9i , p (h) 

t-a A gi (tP)(t-bi) 
f(tP)-f(aP)l\tg l (tP)~b t g l (b P Y 

So we can see that 

h(t)= lim h p (t) 

is operator monotone on [0,oo). □ 



Remark 5. Using Proposition 2 and Theorem 4, we can prove the operator 
monotonicity of the concrete functions in [6]. Since t a (0 < a < 1 ) and log t is 
operator monotone on (0,oo), 



f a (t) = o(l - a) 



(t-lf 



(t a - l)(^- a - 1) 
t- a (t-l) 2 



a(a — 1)7 — 

v ' (t- a - 1 )(t ■ t- a - 1 
t - 1 

Toil 



a(l — a) 
a(a — 1) 



(i a - l)^ 1 - - 1) 

f a-l( f _!)2 
(t a - x - -i"" 1 - 1) 



-1 < a < 2) 

-1< a < 
a = 0,1 

< a < 1 

1 < a < 2 



becomes operator monotone. 
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Corollary 6. Let f e P + (0,oo) and both f and /" be not constant. For any 
a > 0, we define 

. . (t — a)(t — a -1 ) 

(/(*)-/(«))(/»(*) -/H"" 1 )) * e( °' 00j - 

TTierc we /lave 

(1) h a is operator monotone on (0, oo). 

(2) f(t) = t ■ fit- 1 ) implies h a {t) = t ■ Kit- 1 ). 

(3) a = 1 and /(t" 1 ) = fit)' 1 implies h^t) = t ■ 

Proof. We can directly prove (1) from theorem 3. Because 

t^- 1 - oX*- 1 - a- 1 ) 



t-hait- 1 ) = 



(/(f-i)-/(a))(/»(i-i)-/»(a-i)) 
it - a)(t - a- 1 ) 



tifit- 1 )-fia))iPit- 1 )-Pia- 1 )Y 

we can compute 

tifit- 1 ) fiaWKt- 1 ) /«(0) if it) /(a))(/«(t) /"(a" 1 )) 
=(/(i" 1 ) - /(a))(l//(t- 1 ) - t/afia- 1 )) if it) f(a))(t/f(t) l/a/(0) 
=0 

if it holds fit) = t ■ fit- 1 ) or a = 1, /(f" 1 ) = f(i)- 1 . So we have (2) and 
(3). □ 

Example 7. Using this corollary, we can repeatedly construct an operator 
monotone function hit) on [0,oo) satisfying the relation 

hit) = t ■ hir 1 ) t>0. (*) 

If we choose t p (0 < p < I) as fit) in Corollary 5(3), 

it -If 



hit) 



itP - l)(i 1 -i> - 1)' 



it - l) 2 

If we choose — j^^i-p as * n Corollary 5(2), 

, t — a 



(if - - 1) (op - l)(a 1 -f - 1) 

i - a- 1 



tit p - - 1) a(a" p - l)(aP- 1 - 1) 
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for a > 0. If we choose t p + t 1 ^ (0 < p < 1) as f(t) in Corollary 5(2), 
t-a 

tp + fi-P -oP - q}-p 



, . . t — a t — a , „. 

hit) = = : — x = z (a > 0) 

w *P 4- t 1 -? - nP - rjl-P 1 1 v ; 



tP- 1 +t-P aP + a 1 -P 
\/i(cosh(logi) — cosh(loga)) 



cosh(log v/t) - cosh(log Vi + log(iP + t 1 "?) - log(aP + a 1 ^)) ' 
These functions, h £ P+[0, oo), satisfy the relation (*). 

3 Extension of Theorem 4 

Let m and n be positive integers and /i, /2, . . . , / m , gi,g2,---,g n be non- 
constant, non- negative operator monotone functions on [0, oo). We assume that 
the function m 

tp(+\ — rij=i 

l j ' 1 1 V 

is operator monotone on [0, oo). For non-negative numbers a\, ai, . . . , a TO , &i, i>2) • • • , b n , 
we define the function h(t) as follows: 

ha) = fr — rr iMLiM (t > ) 

[) UfiW-Ma^UtgM-bjg^) (t ~ ^ 

Then it follows from Proposition 2 that h(z) is holomorphic on H + , h([0, oo)) C 
[0, oo) and argh(z) > for any z e H+. 

Theorem 8. in tha above setting, we have the followings: 

(1) When fi and gj (1 < i < m, i < J < n) are continuous on H + and 

fi(t) - fi(ai) ? 0, t 9j (t) - bjgjibj) ? 0, tg (-oo, 0), 

/i(i) zs operator monotone on [0, oo). 

(2) When there exists a positive number a such that aargz < &vgF{z) for 
all z e H +7 h(t) is operator monotone on [0,oo). 

Proof. (1) Using the same argument of proof of Theorem 4 (1), it suffices to 
show that < arg h (z) < tt for z G M or z e H + whose absolutely value is 
sufficiently large. 

In the case z e (— oo,0), i.e., \z\ > and argz = tt, we have 

argft(z) 

m n 

i=i j=i 

n n 

i=i j=i 

n m 

<rmr + n7r + arg^^z) — ^ arg/i(z) — ri7r 
j=i i=i 

=7T-ar g nr=i/«w <7r- 
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So it holds < avgh(z) < n. 

In the case that z e H + satisifies 

\z\ > (to + n — 1) max{ai, bj | 1 < i < to, 1 < j < n}. 

Then it holds that 

7r+(m + n- l)arg2 
arg(z - a,), arg(z - 6j) < 

by Lemma 3. We may assume that there exists k (1 < k < n) such that 
Since 

arg h(z) 

< 7 r+(m + n-l)argz xm 7 r+(m + n-l)argz x " 

m + n m + n ^ ' 

- ^2 aig f i(z) - ^ arg zgj(z)- {n - k)ir 
i=i j=i 

n m 

=7r + (m + n - fc - 1) argz + arg ff j (z) - ^ arg fj(z)-(n-k)ir 

j=k+l i=l 

<. +(n - t) (^,-.)-^ tm n^w w 

<7r — argF(z) < 7r, 

we have < arg/i(z) < 7r. So /i(i) is operator monotone on [0, oo). 
(2) We choose a positive number p as follows: 

to — 1 

<p < 1. 



a + m — 1 
We define functions fi, P ,gj, P as follows: 

/i J ,(«) = /i(^), = (*€![+). 

Since G P+[0, oo), fi, P ,gj, P are continuous on H + and satisfy the condition 
/»,?(*) ~ /i,p( fl i) 7^ 0, tg jtP (t) - bjg jt p(bj) ^0, te (-oo, 0). 

We put 

Then F p is holomorphic on H + and satisfies F p ((0,oo)) C (0, oo). For any 
z e H + , we have 

argFp(2i) = argF(z p ) — (m — 1)(1 — p) argz < argF(z p ) < 7r 
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and 



&rg F p (z) > a argz p — (m — 1)(1 — p) argz 
= (ap — (to — 1)(1 — p)) argz 
= ((a + to — l)p — (to — 1)) arg z > 0. 

So we can see F p e P+[0, oo). By (1), we can show that 

, ( f \ = fr ( f z a ^ rr gj.p(*)( f - & j) 

is operator monotone on [0,oo). When p tends to 1, /i p (f) also tends to h(t). 
Hence h(t) is operator monotone on [0, oo). □ 

Example 9. Let < p t < 1 (i = 1, 2, . . . , to J and < Oj < 1 (j = 1, 2, . . . , n). 

We put 

/<(*)=** <&(*)= t* (t>0). 

5?/ i/ie calculation 

F(f) _ HZiMt) _ fEZiPi-J:7=i9j-{m-i) 

l, ~* m - l nj=i»(*)" 

we /lave, /or rea^ numbers a ir bj > 0, 

hit) = t^?=i 9 ' (t-fli)---(t-fl m )(^-bi)---(t-b„) 

(tPi - a? 1 ) • • • (if- - a£r ) (ti+fli - ) • • • (ti+«» - o^ 9 " ) 

is operator monotone on [0, oo) i/ zi /io/rfs 

m n 

0<^Pi-^g,-(m-l)< 1, 
i=l J=l 

i.e., F(t) is operator monotone on [0,oo). 

When ^2^L 1 Pi = Y^j=i 1j + (fn— 1)? we can se e that 

f52?=i 1j (f _ 1 Ym+n 

h{t)~ 



n™i(^-i)n;=i(i 1+ *-i) 

is operator monotone on [0, oo) and satisfies the functional equation 

h(t)=t-h{t~ 1 ). (*) 

We can easily check that, if hi, hi G P + [0,oo) satisfy the property (*), then 
the functions 

f(t) = /ll(i) 1/P /l2(t) 1 - 1/P (0< P <1) 

9(t) " MO 

are operator monotone on [0, oo) and satisfy the property (*). 
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Combining these facts, for r i7 Si (i = 1, 2, . . . , 



n) with 



< n, . . . ,r c < 1, 1 < r c+ i,...,r„ < 2 
< si,...,s d < 1, 1 < s d+ i,...,s n < 2 



c n d n 



2—1 i=c+l i= 1 i— d+1 



we ca?i see £/iai the function 



h(t) 



n 

i=i Sj 




is operator monotone on [0,oo) and satisfies the property (*) and h(l) = 1, 
where 7 = l- c + d+ r 4 - Ya=i s i- 
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